Abstract. Lai and Rohatgi found a shuffling theorem, which generalizes earlier work of Ciucu on an enumeration of lozenge tilings of a hexagon with a fern removed from a center. They presented many generalizations of the shuffling theorem and also suggested a conjecture which is a q-analogue of the theorem. In this paper, we prove two identities involving Schur functions. Lai and Rohatgi's conjecture follows from our first identity. Also, by using the second identity, we can prove a shuffling theorem for centrally symmetric lozenge tilings. As a result, we can check that a conjecture of Ciucu on the total number and the number of centrally symmetric lozenge tilings holds in a more general setting.
Introduction
Enumeration of lozenge tilings of a region on a triangular lattice has been studied for many decades. In particular, people are interested in regions whose number of lozenge tilings is expressed as a simple product formula. In his paper, Ciucu [4] defined a new structure, called a fern, which is an arbitrary string of triangles of alternating orientations that touch at corners and are lined up along a common axis. He considered a hexagon with a fern removed from its center and proved that the ratio of the number of lozenge tilings of two such regions is given by a simple product formula. Recently, Lai and Rohatgi [11] found a shuffling theorem, which generalizes the work of Ciucu. In their paper, they presented some generalizations of the shuffling theorem and suggested a conjecture which is a q-analogue of the theorem. In this paper, by using an approach of the author's previous work [2] , we prove two identities involving Schur functions. The conjecture follows from the first identity. By using the second identity, we can also prove a shuffling theorem for centrally symmetric lozenge tilings. From these results, we can check that a recent conjecture of Ciucu [6] on the total number and the number of centrally symmetric lozenge tilings holds in a more general setting. Our proof gives a combinatorial explanation for this conjecture.
Statement of Main Results
Let's recall the classical definition of a Schur function [12] . Definition 2.1. Let λ = (λ 1 , λ 2 , ..., λ n ) be a partiton of a non-negative integer. The Schur function of shape λ is (2.1) s λ (x 1 , x 2 , ..., x n ) := det(x
The main results of this paper consist of two identities involving Schur functions. For any set X = {x 1 , x 2 , ..., x n } of positive integers, where elements are written in increasing order, let λ(X) be the partition (x n − n, ..., x 2 − 2, x 1 − 1), which may contains 0 as a part.
Set ∆(S) := s 1 ,s 2 ∈S,s 1 <s 2 (s 2 − s 1 ) and ∆(S, T ) := s∈S,t∈T |t − s| for any finite disjoint subsets S, T ⊂ Z. For any positive integer n, let [n] q :=
For any positive integer l, we call two subsets I = {x 1 , ..., x n } and J = {y 1 , ..., y n } of [l] := {1, 2, ..., l} l-symmetric if they satisfy the following condition:
The two main theorems of this paper are the following.
Theorem 2.1.
.., y q 1 } and J 2 = {y 1 , ..., y q 2 } be finite sets of positive integers that satisfy
.., z m } be a finite set of positive integers disjoint from
Theorem 2.2. Let l be a positive integer, and let I 1 = {x 1 , ..., x n }, I 2 = {x 1 , ..., x n } be subsets of [l] so that if J 1 = {y 1 , ..., y n } and J 2 = {y 1 , ..., y n } are their l-symmetric sets, respectively, then
with a property that Z is l-symmetric with itself. Then we have (2.3)
In Section 3, we will give the proofs of these two theorems. In Section 4, we will see how these theorems can be used to prove a shuffling theorem for lozenge tilings.
Proofs of main theorems
The following simple proposition from [12] has a crucial role in the proof of Theorems 2.1 and 2.2.
Proposition 3.1. [12, (7. 105)] For any set X = {x 1 , x 2 , ..., x n } of positive integers, where elements are written in increasing order, we have
Proof of Theorem 2.1. By Proposition 3.1,
We can simplify terms containing Z in (3.2) as follows, by using a property of ∆ q and two facts
Hence, by Proposition 3.1, (3.2) and (3.3) (3.4)
This completes the proof.
The proof of Theorem 2.2 is analogous to the proof of Theorem 2.1. Additionally, we have to use l-symmetric relationship between I 1 &J 1 , I 2 &J 2 and Z with itself.
Proof of Theorem 2.2 Let Z be any set with given properties. By Proposition 3.1. and property of ∆ q , (3.5)
Similarly, we have
.., y n } and I 2 = {x 1 , ..., x n }, J 2 = {y 1 , ..., y n } are l-symmetric, respectively, we have (3.8)
By (3.6), (3.7) and (3.8), (3.9)
Therefore, by (3.5) and (3.9), (3.10)
Applications
First, we will apply Theorem 2.1. to prove a Conjecture of Tri and Rohatgi [11] , which asks for a q-analogue of the shuffling theorem for lozenge tilings of doubly-dented hexagon. In this conjecture, we are dealing with regions on a triangular lattice. Without loss of generality, let's assume that the lattice contains horizontal lines as lattice lines. There are three kinds of lozenges that we can use. According to their shape, lets call them left lozenge, vertical lozenge and right lozenge, respectively (See Figure 4.1.) . For any region G on the triangular lattice, let M (G) be the number of its lozenge tilings. Also, if a region G is centrally symmetric (which means invariant under 180 • rotation with respect to a certain point), let M (G) be the number of centrally symmetric lozenge tilings of a region G.
For any bounded region G on the lattice, we give the weight q k to a right lozenge whose distance between bottom side of the lozenge and top side (=highest horizontal line that intersects with the closure of the region) of region is . When a certain weight is given on the lattice and a tiling of a region is given, the weight of the tiling is defined to be the product of the weights of all tiles that the given tiling contains. Also, the tiling generating function of a region G is defined to be the sum of weights of tilings of G where the sum is taken over all lozenge tilings of region G. Let M (G; q) be the tiling generating function of the region G under the weight that we just described above. When the region G is centrally symmetric, let M (G; q) be the tiling generating function of centrally symmetric lozenge tilings of region G under the same weight, which is defined to be the sum of weights of tilings of G where sum is taken over all centrally symmetric tilings. 
Also, let I 1 = {x 1 , x 2 , ..., x p 1 }, J 1 = {y 1 , y 2 , ..., y q 1 }, I 2 = {x 1 , x 2 , ..., x p 2 } and J 2 = {y 1 , y 2 , ..., y q 2 } be subsets of [l] = {1, 2, ..., l} such that elements are written in increasing order and four sets satisfy following relations:
Then we have
where the value α is α = [
To prove Theorem 4.1, let's recall a theorem of Ayyer and Fischer [1] , which relates a Schur function to a tiling generating function of some region on the triangular lattice. be the region on a triangular lattice obtained from the semi-hexagon of side lengths m, n, m + n, n clockwise from the top by removing the uppointing unit-triangles whose bottom sides are labeled by elements of a set S = {s 1 , s 2 , ..., s n }, where bottom side of the semi-hexagon is labeled by 1, 2, ..., m + n from left to right. Also, we give a weight t k to a right lozenge whose distance between bottom side of the lozenge and top side of region is k √ 3 2 , and give a weight 1 to vertical lozenges and left lozenges. Let M (T m,n (S); (t 1 , t 2 , ..., t n )) be a tiling generating function of T m,n (S) under this weight. Then we have (4.4) M (T m,n (S); (t 1 , t 2 , ..., t n )) = s λ(S) (t 1 , t 2 , ..., t n )
Recall that a Schur function is symmetric and homogeneous. Theorem 4.2 allows us to convert these properties of Schur function into following properties of a tiling generating function: (4.5) M (T m,n (S); (t 1 , t 2 , ..., t n )) = M (T m,n (S); (t σ(1) , t σ(2) , ..., t σ(n) )), ∀σ ∈ S n (4.6) M (T m,n (S); (qt 1 , qt 2 , ..., qt n )) = q |λ(S)| M (T m,n (S); (t 1 , t 2 , ..., t n ))
A region on a triangular lattice is called balanced if it contains same number of up-pointing and down-pointing unit-triangles. Let's recall the following useful result which is implicit in work of Ciucu [3] (See also Ciucu and Lai [7] ). Since proof of the Lemma 4.3 can be also applied to the case when we have arbitrary weights on the lattice, the lemma still holds on a lattice with arbitrary weight on it. (In that case, M should be replaced by a tiling generating function under that weight.)
Proof of Theorem 4.1 Since a set of lozenge tilings of V H r 1 ,p 3 ,q 3 (I 1 : J 1 ) can be partitioned according to the positions of the m vertical lozenges on the q 3 -th horizontal line from bottom, we have
where Z runs over all m elements subsets of [l] \ (I 1 ∪ J 1 ). However, by Lemma 4.3, we have (4.9)
where (J 1 ∪ Z) l represents l-symmetric set of (J 1 ∪ Z).
Also, by (4.5) and (4.6), (4.10)
and similarly, we have
However, by Proposition 3.1, (4.12)
Then, by (4.9)-(4.12), we have
where
Similarly, we also have
where Z runs over all m-elements subset of
Hence, by (4.13) and (4.15), we have
]. Note that a value α Z does not depend on a set Z. Let's call this constant as α.
However, by Theorem 2.1 and Proposition 3.1, (4.17)
Note that the expression in (4.17) does not depend on a set Z. Therefore, by (4.8), (4.14), (4.16) and (4.17),
This completes the proof. Note that by taking p 1 = p 2 and q 1 = q 2 , we get an identity which is equivalent to an identity that Lai and Rohatgi conjectured [11, Conjecture 5.4.] .
When the region G is centrally symmetric, we can use the same argument and Theorem 2.2. to answer a similar question for the number of centrally symmetric lozenge tilings. Note that this results is also proved by Lai [10] by using induction argument. 1)r + p = l, 2)p − n = m Also, let I 1 = {x 1 , x 2 , ..., x n }, J 1 = {y 1 , y 2 , ..., y n }, I 2 = {x 1 , x 2 , ..., x n } and J 2 = {y 1 , y 2 , ..., y n } be any subsets of [l] that satisfies I 1 ∪ J 1 = I 2 ∪ J 2 and I 1 ∩ J 1 = I 2 ∩ J 2 . Suppose I i and J i are l-symmetric for i = 1, 2. Then we have
where β = (2p + 1)(
Proof of Theorem 4.4 Let's first observe M (V H r,p,p (I 1 : J 1 )). Since a centrally symmetric lozenge tiling of V H r,p,p (I 1 : J 1 ) is determined by lozenges above the p-th horizontal line from bottom, we have 
does not depend on the set Z, the weight of any lozenge tiling of V H r,p,p (I 1 :
} . Thus, we can conclude that
} By same argument we also have This completes the proof.
By taking q → 1 in Theorem 4.1. and Theorem 4.4., we get a following interesting corollary. It generalizes a recent conjecture of Ciucu [6] (See also [5] ), which suggest a square root phenomenon between total number and number of centrally symmetric lozenge tiling of a doubly-dented hexagon. 
Concluding Remarks
As we mentioned in Section 3, Proposition 3.1., which gives a factorization of a Schur function s λ(X) (1, q, ..., q n−1 ), has a cruical rule in the proofs of our main theorems. One can think about other group characters that have a factorization like a Schur function. One of such group character is a Symplectic character sp λ(X) (1, 1, ...) . By combining a Theorem of Ayyer and Fischer [1, Theorem 2.8.] (which relates a Symplectic character and a lozenge tiling of a quartered hexagon with some dents) and a Lemma of Lai
